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A solution generating technique is developed for D = 5 minimal supergravity with two commuting
Killing vectors based on the G2 U-duality arising in the reduction of the theory to three dimensions.
The target space of the corresponding 3-dimensional sigma-model is the coset G2(2)/(SL(2, R) ×
SL(2, R)). Its isometries constitute the set of solution generating symmetries. These include two
electric and two magnetic Harrison transformations with the corresponding two pairs of gauge
transformations, three SL(2, R) S-duality transformations, and the three gravitational scale, gauge
and Ehlers transformations (altogether 14). We construct a representation of the coset in terms of
7× 7 matrices realizing the automorphisms of split octonions. Generating a new solution amounts
to transforming the coset matrices by one-parametric subgroups of G2(2) and subsequently solving
the dualization equations. Using this formalism we derive a new charged black ring solution with
two independent parameters of rotation.
PACS numbers: 04.20.Jb, 04.50.+h, 04.65.+e
I. INTRODUCTION
The discovery of rotating black rings [1] (for a recent review see [2] and references therein) has attracted new interest
in five-dimensional minimal supergravity [3, 4]. Within this theory supersymmetric charged black ring solutions were
found [5, 6]. The bosonic sector of five-dimensional minimal supergravity is Einstein-Maxwell theory with a Chern-
Simons term, the structure of the Lagrangian being similar to that of eleven-dimensional supergravity [7, 8]. While in
pure Einstein-Maxwell theory in five and higher dimensions no charged black hole solution, generalizing the uncharged
Myers-Perry black holes [9], is known, the Chern-Simons term endows five-dimensional Einstein-Maxwell theory with
more hidden symmetries, implying the existence of exact charged rotating black hole solutions [10, 11, 12], Meanwhile
the most general black ring solution which might possess mass, two angular momenta, electric charge and magnetic
moment as independent parameters is still not found. Here we propose a new generating technique which can solve
this problem. It is based on the duality symmetries of the three-dimensional reduction of the theory.
The hidden symmetries arising upon dimensional reduction of five-dimensional minimal supergravity to three di-
mensions were studied by Mizoguchi and Ohta [7], by Cremmer, Julia, Lu and Pope [13] using the technique of [14],
and were more recently investigated both in the bosonic and fermionic sectors by Possel [15] (see also [16]). The
corresponding classical U-duality group is the non-compact version of the lowest rank exceptional group G2 [17]. In
three dimensions one obtains the gravity-coupled sigma-model with the homogeneous target space G2(2)/SO(4) for
∗Electronic address: bouchare@lapp.in2p3.fr
†Electronic address: gclement@lapp.in2p3.fr
‡Electronic address: cmchen@phy.ncu.edu.tw
§Electronic address: galtsov@phys.msu.ru
¶Electronic address: shcherbluck@mail.ru
∗∗Electronic address: twolf@BrockU.ca
2the Lorentzian signature of the 3-space, or G2(2)/(SL(2, R)×SL(2, R)) in the Euclidean case. Some further aspects of
these symmetries were discussed in [8], their infinite-dimensional extension upon reduction to two and one dimensions
was also explored [18].
Here we investigate the G2(2)/(SL(2, R)×SL(2, R)) sigma model in the context of the solution generating technique
which has proved to be extremely useful in various non-linear theories from pure gravity, Einstein-Maxwell theory
[19, 20, 21, 22, 23] and dilatonic gravity [24, 25, 26, 27, 28, 29, 30] to more general supergravity models [31, 32, 33]
and string theory [34]. Some partial use of hidden symmetries of this kind to generate new rotating rings recently
became a rapidly developing industry. One direction was to use the SL(2, R) subgroup of the U-duality group [35, 36].
Another line was related to the purely gravitational sector (without the Maxwell field) which leads to SL(3, R) U-
duality in three dimensions [20, 37, 38]. Further reduction to two dimensions gives rise to a Belinsky-Zakharov type
integrable model which was extensively used to construct soliton solutions [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49].
However, the full G2 symmetry was never used for generating purposes for lack of a convenient representation of the
coset G2(2)/(SL(2, R) × SL(2, R)) in terms of the target space variables. Although the 14-dimensional (adjoint)
representation was given explicitly in [7], it is still too complicated for practical generating applications. Here we
construct a suitable representation in terms of 7× 7 matrices and give two examples of its application: a sigma-model
construction of the electrically charged rotating black hole and the generation of a non-BPS doubly rotating charged
black ring from the black ring with two angular momenta of [47].
Five-dimensional minimal supergravity contains a graviton, two N = 2 symplectic-Majorana gravitini (equivalent
to a single Dirac gravitino), and one U(1) gauge field. The bosonic part of the Lagrangian is very similar to that of
D = 11 supergravity, being endowed with a Chern-Simons term [3, 4]:
S5 =
1
16πG5
[∫
d5x
√
−gˆ
(
Rˆ − 1
4
Fˆ 2
)
− 1
3
√
3
∫
Fˆ ∧ Fˆ ∧ Aˆ
]
, (1)
where Fˆ = dAˆ. This theory can be obtained as a suitably truncated Calabi-Yau compactification of D = 11
supergravity [50].
Our purpose is to construct a generating technique for classical solutions with two commuting Killing symmetries.
Dimensional reduction leads to a three-dimensional sigma-model possessing a G2(2) target space symmetry [7]. To
explore it fully we need a convenient representation of the action of symmetries on the target space variables. We give
here an alternative derivation of the three-dimensional sigma-model which has the advantage of being more explicit
and easy to use for solution generation. The reduction is performed in Sect. 2 in two steps, first to four, then to
three dimensions. In Sect. 3 we reveal the symmetries of the three-dimensional sigma-model using a direct (computer
assisted) solution of the corresponding Killing equations1. The resulting symmetry transformations are identified in
the usual terms of gauge, S-duality and Harrison-Ehlers sectors. Then we reformulate in Sect. 4 the problem in terms
of a covariant (with respect to the two-Killing plane) reduction which is more suitable for constructing the matrix
representation, and give the coset matrix representative as a symmetrical 7 × 7 matrix. In Sect. 5 we identify the
charging transformation, and apply it to the construction of the doubly rotating charged black ring.
II. DIMENSIONAL REDUCTION
A. D=4
Assuming that the five-dimensional metric and the Maxwell field Aˆ do not depend on a space-like coordinate z, we
arrive at the four-dimensional Einstein theory with two Maxwell fields, a dilaton and an axion. We parametrize the
five-dimensional interval and the Maxwell one-form as
ds25 = e
−2φ(dz + Cµdxµ)2 + eφds24, (2)
Aˆ = Aµdx
µ +
√
3κdz, (3)
(µ = 1 . . . 4). The corresponding four-dimensional action reads
S4 =
1
16πG4
∫
d4x
√−g
[
R− 3
2
(∂φ)2 − 3
2
e2φ(∂κ)2 − 1
4
e−3φG2 − 1
4
e−φF˜ 2 − 1
2
κFF ∗
]
, (4)
1 A purely algebraic construction of the Killing vectors will be presented elsewhere [51].
3where
G4 = G5/2πR5, G = dC, F = dA, F˜ = F +
√
3C ∧ dκ, (5)
and F ∗ is the four-dimensional Hodge dual of F .
The dilaton φ and the axion κ parametrize the coset SL(2, R)/U(1). To reveal the SL(2, R) S-duality symmetry
in the sector of vector fields (A is inherited from 5D theory, C is the Kaluza-Klein vector) one has to reparametrize
them using some dualization [8]. We will reveal S-duality later on the level of the further 3D reduction.
The field equations in terms of the four-dimensional variables read
∇2φ− e2φ(∂κ)2 + 1
4
e−3φG2 +
1
12
e−φF˜ 2 = 0, (6)
∇µ
(
e2φ∇µκ)− 1
3
[√
3∇µ(e−φF˜µνCν) + 1
2
FµνF
∗µν
]
= 0, (7)
∇µ
(
e−φF˜µν + 2κF ∗µν
)
= 0, (8)
∇µ
(
e−3φGµν
)
+
√
3 e−φF˜µν∂µκ = 0, (9)
and the Bianchi identities are
∇µF ∗µν = 0, ∇µG∗µν = 0. (10)
It is convenient to introduce the modified Maxwell tensors
Fµν = e−φF˜µν + 2κF ∗µν , (11)
Gµν = e−3φGµν +
√
3
(
e−φκF˜µν + κ2F ∗µν
)
, (12)
in terms of which the Maxwell equations have the divergence form
∇µFµν = 0, ∇µGµν = 0. (13)
B. D=3
Further reduction to D = 3 is performed with respect to time, assuming the standard parametrization of the
stationary four-metric
ds24 = −f(dt− ωidxi)2 + f−1hijdxidxj . (14)
The spatial part of the Bianchi identities (10) is solved introducing the electric potentials C0 = v¯1, A0 = v¯2, so that
Gi0 = ∂iv¯1, Fi0 = ∂iv¯2. (15)
Similarly, the spatial components of the Maxwell equations (13) are solved by introducing magnetic potentials u¯1, u¯2:
Gij = f√
h
ǫijk∂ku¯1, F ij = f√
h
ǫijk∂ku¯2. (16)
The time components of the corresponding equations then give the second order equations for these potentials.
Straightforwardly we can find (with the convention ǫijk = −ǫ0ijk)
Gij =
f√
h
e3φ ǫijk(w1)k, (w1)k := ∂ku¯1 −
√
3 κ(∂ku¯2 − κ∂kv¯2), (17)
F˜ ij =
f√
h
eφ ǫijk(w2)k, (w2)k := ∂ku¯2 − 2κ∂kv¯2, (18)
F˜i0 = (z2)i, (z2)i := ∂iv¯2 −
√
3v¯1∂iκ. (19)
The remaining components of the Maxwell tensors are obtained using the following relations valid for any second rank
four-dimensional antisymmetric tensor Wµν with the assumed form of the metric (14):
W i0 =W ijωj − hijWj0, Wij = f−2hikhjlW kl + 2W0[iωj]. (20)
4Using this we find:
Gi0 =
f√
h
e3φ ǫijkωj(w1)k − ∂iv¯1, (21)
Gij = f
−1√he3φ ǫijk(w1)k + 2ω[i∂j]v¯1, (22)
F˜ i0 =
f√
h
eφ ǫijkωj(w2)k − (z2)i, (23)
F˜ij = f
−1√heφ ǫijk(w2)k + 2ω[i(z2)j], (24)
and for the squared quantities:
G2 = −2(∂v¯1)2 + 2e6φ(w1)2, F˜ 2 = −2(z2)2 + 2e2φ(w2)2, (25)
where (w1)
2 = (w1)i(w1)
i.
Now we turn to the Einstein equations:
Rµν − 3
2
(
∂µφ∂νφ+ e
2φ∂µκ∂νκ
)− 1
2
e−3φ
(
GµαGν
α − 1
4
G2gµν
)
− 1
2
e−φ
(
F˜µαF˜ν
α − 1
4
F˜ 2gµν
)
= 0. (26)
The Ricci tensor decomposes as follows
R00 =
1
2
(
f∇2f − (∂f)2 + τ2) , (27)
Ri0 = − f
2
√
h
ǫijk∂jτk, (28)
Rij = f2Rij − 1
2
[
∂if∂jf + τ iτ j
]
+ hijR00, (29)
where
τ i = − f
2
√
h
ǫijk∂jωk. (30)
The 0i-part of (26) can be solved introducing the twist potential χ via
τi = ∂iχ+
1
2
{
v¯1∂iu¯1 − u¯1∂iv¯1 + v¯2∂iu¯2 − u¯2∂iv¯2 +
√
3
[
κ2v¯1∂iv¯2 − v¯2∂i(κ2v¯1)
]−√3 [κv¯1∂iu¯2 − u¯2∂i(κv¯1)]} . (31)
Using this relation, we can rewrite the 00-component of the Einstein equations as
R00 =
1
4
f
{
e−3φ
[
(∂v¯1)
2 + e6φ(w1)
2
]
+ e−φ
[
(z2)
2 + e2φ(w2)
2
]}
, (32)
and present the space-space part as
Rij =
3
2
f2hiahjb
(
∂aφ∂bφ+ e
2φ∂aκ∂bκ
)
− 1
2
e−3φf
[
∂iv¯1∂
j v¯1 + e
6φ(w1)
i(w1)
j
]
+
1
4
e−3φfhij
[
(∂v¯1)
2 + e6φ(w1)
2
]
− 1
2
e−φf
[
(z2)
i(z2)
j + e2φ(w2)
i(w2)
j
]
+
1
4
e−φfhij
[
(z2)
2 + e2φ(w2)
2
]
. (33)
From the Eq. (28) we then find that the Ricci tensor built on the three-dimensional metric hij will satisfy the following
three-dimensional Einstein equation
Rij = 1
2f2
(∂if∂jf + τiτj) +
3
2
(
∂iφ∂jφ+ e
2φ∂iκ∂jκ
)
− 1
2f
[
e−3φ∂iv¯1∂j v¯1 + e3φ(w1)i(w1)j + e−φ(z2)i(z2)j + eφ(w2)i(w2)j
]
. (34)
5These equations derive from the action
S3 =
∫ (
R−GAB ∂Φ
A
∂xi
∂ΦB
∂xj
hij
)√
hd3x (35)
describing the three-dimensional gravity coupled sigma model with eight scalar fields ΦA = {f, χ, φ, κ, v¯1, v¯2, u¯1, u¯2}
and the target space metric GAB which will be given shortly. It can be checked that the field equations for these
quantities are equivalent to the equations resulting from variation of this action over the ΦA.
In terms of the slightly rearranged potentials
v1 := v¯1, u1 := u¯1 − κ3v¯1, v2 := v¯2 −
√
3κv¯1, u2 := u¯2 −
√
3 κ2v¯1, (36)
the equation for the twist potential χ will simplify to
τi = ∂iχ+
1
2
(v1∂iu1 − u1∂iv1 + v2∂iu2 − u2∂iv2). (37)
The other variables will read
(w1)i := ∂iu1 + κ
3∂iv1 −
√
3κ(∂iu2 − κ∂iv2),
(w2)i :=
(
∂iu2 − 2κ∂iv2 −
√
3κ2∂iv1
)
, (38)
(z2)i :=
(
∂iv2 +
√
3 κ∂iv1
)
.
Finally, denoting ξ = ln f and shifting the twist potential
χ→ χ+ 1
2
(v1u1 + v2u2), (39)
we can present the metric of the space of potentials ΦA = (ξ, φ, κ, χ, v1, u1, v2, u2) as
dl2 = GABdΦ
AdΦB =
1
2
{
dξ2 + e−2ξ(dχ+ v1du1 + v2du2)2 + 3
(
dφ2 + e2φdκ2
)
− e−ξ
[
e−3φdv21 + e
3φ
[
du1 + κ
3dv1 −
√
3κ(du2 − κdv2)
]2
+e−φ
(
dv2 +
√
3κdv1
)2
+ eφ
(
du2 − 2κdv2 −
√
3κ2dv1
)2]}
. (40)
The target space is an eight-dimensional space with signature (+ + ++−−−−) similar to that of four-dimensional
dilaton-axion gravity with two Maxwell fields [29]. In the latter case it was identified as the SU(2, 2)/S(U(2)×U(2))
coset space possessing a 15-dimensional isometry group and a 7-dimensional isotropy subgroup. In our case the
symmetry group is G2(2) [7, 13]. In what follows we present an independent computer-assisted way to reveal the
geometric structure of the space (40).
III. ISOMETRIES OF THE TARGET SPACE
We used MAPLE to calculate the Riemann tensor of the target space and to check that all its covariant derivatives
vanish, indicating that it is a symmetric space. The set of Killing vectors was identified using the CRACK code on
REDUCE [52] to solve the Killing equations for the metric (40)
XA;B +XB;A = 0. (41)
6The code gives 14 Killing vectors XM (we use M, N . . . = 1, . . . , 14 for numbering the Killing vectors and A, B . . . =
1, . . . , 8 to denote the target space coordinates) from which the first 9 are relatively simple:
X1 = ∂χ,
X2 = ∂u1 ,
X3 = ∂u2 ,
X4 = −u1∂χ + ∂v1 ,
X5 = −u2∂χ + ∂v2 , (42)
X6 = ∂ξ + χ∂χ + ∂φ − κ∂κ + 2v1∂v1 − u1∂u1 + v2∂v2 ,
X7 = 3∂ξ + 3χ∂χ + ∂φ − κ∂κ + 3v1∂v1 + 2v2∂v2 + u2∂u2 ,
X8 = v
2
2∂χ − ∂κ −
√
3u2∂u1 +
√
3v1∂v2 − 2v2∂u2 ,
X9 = u2
2∂χ + κ
2∂κ − e−2φ∂κ − 2 κ∂φ −
√
3u1∂u2 +
√
3v2∂v1 − 2 u2∂v2 .
The remaining five are complicated in terms of the chosen coordinates, we will present them in an alternative form later
on. The first eight Killing vectors span a Borel subalgebra, they are used below to construct a matrix representation
of the coset.
Already the number 14 of generators and the signature of the target space indicate that one deals with the real
non-compact form G2(2) of the exceptional group G2. The same code provides the following list of commutation
relations:
X1 X2 X3 X4 X5 X6 X7 X8 X9 X10
X1 0 0 0 0 0 X1 3X1 0 0 3X5
X2 0 0 −X1 0 −X2 0 0 −
√
3X3
√
3X8
X3 0 0 −X1 0 X3 −
√
3X2 −2X5 3X6 − 2X7
X4 0 0 2X4 3X4
√
3X5 0 0
X5 0 X5 2X5 −2X3
√
3X4 2X9
X6 0 0 X8 −X9 0
X7 0 X8 −X9 X10
X8 0 3X6 −X7 −2X12
X9 0 −3X13
X10 0
X11 X12 X13 X14
X1 X2 −3X3
√
3X4 3X6 − 3X7
X2 0 0 2
√
3X6 −
√
3X7 −3X11
X3 0 2X8 X9 X12
X4 X6 −
√
3X9 0 −
√
3X13
X5
√
3
3 X8 −X7 0 −X10
X6 2X11 X12 −X13 X14
X7 3X11 2X12 0 3X14
X8 0 −3
√
3X11 −X10 0
X9 −
√
3
3 X12 −2X10 0 0
X10 0 3X14 0 0
X11 0 0
√
3
3 X14 0
X12 0 0 0
X13 0 0
X14 0
The Killing metric constructed with the structure constants gives the following set of non-zero scalar products
(XM , XN) ≡ ηMN :
(X1, X14) =
√
3(X2, X13) = (X3, X10) = −3(X4, X11) = (X5, X12) =
= 32 (X6, X6) = (X6, X7) =
1
2 (X7, X7) = (X8, X9) = 24. (43)
The Cartan subalgebra of G2 is spanned by X6, X7, the basis orthogonal with respect to the metric (43) can be
7chosen as
H1 = X7 − 3
2
X6, H2 =
√
3
2
X6. (44)
The remaining generators can be put in the Cartan-Weyl form
[Hi, Eα] = αiEα, (45)
[Eα, E−α] = αiHi, (46)
[Eα, Eβ] = NαβEα+β, (47)
where i = 1, 2 and the roots α±a, a = 1, . . . , 6 are (with H1 corresponding to the abscissa and H2 to the ordinate)
α±1 = ±(1, 0),
α±2 = ±(−3/2,
√
3/2),
α±3 = ±(−1/2,
√
3/2),
α±4 = ±(1/2,
√
3/2), (48)
α±5 = ±(3/2,
√
3/2),
α±6 = ±(0,
√
3).
α 
α
α
6
4α 5
1
α3α2
FIG. 1: The root diagram for g2.
The simple roots are α = α1 and β = α2, the remaining ones can be obtained as follows:
α±3 = ±(α+ β), α±4 = ±(2α+ β), α±5 = ±(3α+ β), α±6 = ±(3α+ 2β). (49)
The Eα can be identified in terms of the XM as follows
E1 =
√
1
6
X10, E−1 =
√
3
2
X3,
E2 =
√
3
2
X2, E−2 =
√
1
2
X13,
E3 =
√
1
2
X8, E−3 =
√
1
2
X9,
E4 =
√
1
6
X12, E−4 =
√
3
2
X5, (50)
E5 =
√
1
6
X14, E−5 =
√
3
2
X1,
E6 = −
√
3
2
X11, E−6 =
√
3
2
X4.
8The following structure constants are non-zero up to the standard symmetries:
−N12 = N14 = N25 = N34 =
√
3
2
, N13 =
√
2. (51)
The symmetry of the root diagram under reflection implies the existence of a target space coordinate transformation
ΦA → Φ˜A = (ξ˜, φ˜, κ˜, χ˜, v˜1, u˜1, v˜2, u˜2) such that
E−α(Φ) = Eα(Φ˜). (52)
In terms of the tilded variables the remaining 5 Killing vectors can be written as (non-normalized)
X10 = ∂u˜2 ,
X11 = −u˜1∂χ˜ + ∂v˜1 ,
X12 = −u˜2∂χ˜ + ∂v˜2 , (53)
X13 = ∂u˜1 ,
X14 = ∂χ˜.
The target space isometries generated by the above Killing vectors can be classified as gauge, scale, S-duality and
Harrison-Ehlers transformations. The first, generated by X1, is the gravitational gauge transformation consisting in
the shift of the twist potential:
χ→ χ+ λ1; (φ, ξ, v1, v2, u1, u2, κ invariant), (54)
where λ1 is the parameter. The next two, generated by X2, X3, are magnetic gauge transformations shifting the
magnetic potentials u1 (corresponding to the Kaluza-Klein vector field) and u2 (corresponding to the 5D Maxwell
field):
u1 → u1 + λ2; (φ, ξ, χ, v1, v2, u2, κ invariant),
u2 → u2 + λ3; (φ, ξ, χ, v1, v2, u1, κ invariant). (55)
The Killing vectors X4, X5 generate two electric gauge transformations:
v1 → v1 + λ4, χ→ χ− u1λ4; (φ, ξ, v2, u1, u2, κ invariant),
v2 → v2 + λ5, χ→ χ− u2λ5; (φ, ξ, v1, u1, u2, κ invariant). (56)
From the sector X6, X7, one can separate the scale transformation generated by X6 −X7
κ → κ, u1 → eλ6u1, v1 → eλ6v1, χ→ e2λ6χ,
φ → φ, u2 → eλ6u2, v2 → eλ6v2, eξ → e2λ6eξ. (57)
The second independent element of the Cartan subalgebra
H =
1
2
(√
3H2 −H1
)
=
1
2
(
3X6 −X7
)
, (58)
together with
L− = X9, L+ = 4
√
3X8, (59)
form the SL(2, R)S-duality algebra
[H,L±] = ∓L±, [L−, L+] = H. (60)
The corresponding finite transformations consist of the scaling
χ → χ, κ→ e−2λ7κ, u1 → e−3λ7u1 u2 → e−λ7u2
ξ → ξ, eφ → e2λ7eφ v1 → e3λ7v1, v2 → eλ7v2, (61)
9the axidilaton shift
κ → κ− λ8,
φ → φ,
u1 → −λ8
√
3u2 + λ8
3v1 + λ8
2
√
3v2 + u1,
u2 → u2 −
√
3λ8
2v1 − 2λ8 v2,
v1 → v1, (62)
v2 → λ8
√
3v1 + v2,
ξ → ξ,
χ → v12λ83 +
√
3v2 v1 λ8
2 + v2
2λ8 + χ,
and the shift of the inverted axidilaton
κ → κ (1− λ9 κ)− λ9 e
−2φ
(1− λ9 κ)2 + λ92e−2φ
,
eφ → λ29 e−φ + eφ(λ9 κ− 1)2,
u1 → u1, (63)
u2 → −λ9 u1
√
3 + u2,
v1 → λ9
√
3v2 + v1 − λ92u2
√
3 + λ9
3u1,
v2 → −2 u2 λ9 + v2 + λ92u1
√
3,
ξ → ξ,
χ → λ93u12 − λ92u2
√
3u1 + λ9 u2
2 + χ.
The remaining generatorsX10, X11, X12, X13, X14, form the Ehlers-Harrison sector. In terms of the tilded quantities
(53) the corresponding finite transformations are found straightforwardly. They consist of two magnetic Harrison
transformations (X13, X10):
u˜1 → u˜1 + λ˜13; (φ˜, ξ˜, χ˜, v˜1, v˜2, u˜2, κ˜ invariant),
u˜2 → u˜2 + λ10; (φ˜, ξ˜, χ˜, v˜1, v˜2, u˜1, κ˜ invariant), (64)
two electric Harrison transformations (X11, X12):
v˜1 → v˜1 + λ11, χ˜→ χ˜− u1λ11; (φ˜, ξ˜, v˜2, u˜1, u˜2, κ˜ invariant),
v˜2 → v˜2 + λ12, χ˜→ χ˜− u2λ12; (φ˜, ξ˜, v˜1, u˜1, u˜2, κ˜ invariant), (65)
and an Ehlers transformation (X14):
χ˜→ χ˜+ λ14; (φ˜, ξ˜, v˜1, v˜2, u˜1, u˜2, κ˜ invariant). (66)
The above classification of the target space isometry transformations is standard in dealing with four-dimensional
theories, where they have a particularly simple sense when applied to stationary axisymmetric asymptotically flat
configurations: Harrison transformations are interpreted as charging transformations, while the Ehlers transformation
is interpreted as generating a NUT parameter. In the five-dimensional setting this is not so. Since one of the two
four-dimensional vector fields is Kaluza-Klein, the associated Harrison transformations are no longer charging, one
of them (X11) being a five-dimensional gauge transformation. On the other hand, the Ehlers transformation now
generates a five-dimensional rotation [53] (note that generation of rotation by sigma-model dualities is not possible
at all in four-dimensional theories).
To construct a new solution one has first to identify the target space coordinates in terms of the seed solution, then
to apply the above transformations to find new target space variables, and finally to perform inverse dualization to
get the metric and the vector potential. However, to apply the most interesting Harrison-Ehlers transformations we
need to know an explicit transformation from the initial to the tilded potentials. To find it in a concise form is still
an open problem.
An alternative way consists in constructing a matrix representation of the target space. First we have to reveal
the nature of the isotropy group H ∈ G = G2(2). This can be done as follows. One looks for a representative of the
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coset N(Φ) ∈ G/H which transforms by the global left multiplication by g ∈ G and the local right multiplication by
h(Φ) ∈ H:
N → gNh(Φ). (67)
Infinitesimally this reads
XMN(Φ) = xMN(Φ) + q
α
M (Φ)N(Φ)yα, (68)
where XM , M = 1, . . . , 14 are Killing vectors acting as differential operators, xM are the corresponding matrices of the
g2(2) algebra, yα, α = 1, . . . , 6 are generators of the isotropy subalgebra H and qαM (Φ) are “compensating” functions.
Consider the 7 × 7 matrix representation of g2(2) as Z-matrix (6.2) in [54] with omitted “i” to get the non-compact
real form of the g2 algebra. It is easy to find matrices xM corresponding to the differential operators XM . Solving
the Eqs.(68) for the Borel subalgebra M = 1, . . . , 8 with the assumption that for these values of M the functions
qαM (Φ) = 0, one obtains the matrix N(Φ). Then applying (68) for M = 9, . . . , 14 we find q
α
M (Φ) together with the
corresponding yα. This calculation, requiring the explicit form of the “complicated” generators XM , was performed
using MAPLE. The resulting isotropy subalgebra H turns out to be spanned by
Y1 = X8 −X9, Y2 = X11 −X4, Y3 = 3X5 +X12,
Y4 = 3X3 +X10, Y5 = X2 +
1√
3
X13, Y6 = 3X1 −X14, (69)
which form sl(2, R)× sl(2, R).
Using the matrix N(Φ) one can then pass to the gauge-independent matrix
M = NηN−1,
where η is some constant matrix invariant under H transformations
hηh−1 = η, h ∈ H,
such that the target space metric reads
dl2 =
1
8
Tr
(
dMM−1dMM−1
)
. (70)
The matrix M by construction will be invariant under the local action of H. Before giving its explicit form we would
like to go over to a more concise notation using the 2-dimensional covariance of our construction with respect to the
reduced dimensions t, z.
IV. 2D-COVARIANT REPRESENTATION
The covariant parametrisation for dimensional reduction of five-dimensional minimal supergravity with two com-
muting isometries is [7, 20]
ds25 = λab(dz
a + aai dx
i)(dzb + abjdx
j) + τ−1hijdxidxj , (71)
Aˆ =
√
3ψadz
a +Aidx
i (72)
(a, b = 0, 1, z0 = t, z1 = z ; i, j = 1, 2, 3), where τ ≡ − detλ. This is related to our previous parametrisation arising
from the two-step reduction (2), (14) by
λ =
( −eφ+ξ + e−2φv21 e−2φv1
e−2φv1 e−2φ
)
, a0i = −ωi, a1i = Ci + v1ωi, ψ =
(
v2/
√
3 + κv1
κ
)
. (73)
Dualization of Fij ≡ ∂iAj − ∂jAi gives the scalar µ via
1√
3
F ij = aaj∂iψa − aai∂jψa + 1
τ
√
h
ǫijk
(
∂kµ+ ǫ
abψa∂kψb
)
. (74)
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This is related to previous quantities by µ = (u2 − κv2)/
√
3. Dualization of Gbij ≡ ∂iabj − ∂jabi gives the two-vector
ωa:
τλabG
bij =
1√
h
ǫijk
[
∂kωa − ψa
(
3∂kµ+ ǫ
bcψb∂kψc
)]
, (75)
which is expressed as
ω =
( −χ− κv2 (κv1 + 2v2/√3) /√3
u1 − κ2v2/
√
3
)
. (76)
In this notation the target space metric (40) reads:
dl2 =
1
4
Tr
(
λ−1dλλ−1dλ
)
+
1
4
τ−2dτ2 +
3
2
dψTλ−1dψ − 1
2
τ−1V Tλ−1V − 3
2
τ−1
(
dµ+ ǫabψadψb
)2
, (77)
(with ǫ01 = 1), where the vector-valued one-form Va is
Va = dωa − ψa
(
3dµ+ ǫbcψbdψc
)
. (78)
The three coordinates µ and ωa are cyclic.
The first eight (“simple”) Killing vectors X1, . . . , X8 together with X11 can be regrouped covariantly as follows.
The mixed tensor
Ma
b = 2λac
∂
∂λcb
+ ωa
∂
∂ωb
+ δbaωc
∂
∂ωc
+ ψa
∂
∂ψb
+ δbaµ
∂
∂µ
(79)
generates linear transformations in the (t, z) plane obeying the gl(2,R) subalgebra,[
Ma
b,Mc
d
]
= δbcMa
d − δdaMcb. (80)
Three mutually commuting operators are associated with the three cyclic “magnetic” coordinates:
Na =
∂
∂ωa
, Q =
∂
∂µ
. (81)
Their commutation relations are [
Ma
b, N c
]
= −(δcaN b + δbaN c) , (82)[
Ma
b, Q
]
= −δbaQ . (83)[
Na, N b
]
= 0 , (84)
[Q,Na] = 0 . (85)
A doublet operator associated with gauge transformations of the ψa reads:
Ra =
[
∂
∂ψa
+ 3µ
∂
∂ωa
− ǫabψb
(
∂
∂µ
+ ψc
∂
∂ωc
)]
. (86)
The corresponding commutation relations are [
Ma
b, Rc
]
= −δcaRb , (87)[
Na, Rb
]
= 0 , (88)
[Q,Ra] = 3Na , (89)[
Ra, Rb
]
= 2ǫabQ . (90)
The correspondence with the previous operators is as follows:
X1 = −N0, X2 = N1, X3 = 1√
3
Q, X4 =M1
0, X5 =
1√
3
R0,
X6 =M0
0 −M11, X7 = 2M00 −M11, X8 = −R1, X11 = −M01. (91)
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Two more vectors La : X14 = 3L0, X13 = −
√
3L1 complete the subalgebra sl(3, R) ∈ g2(2):[
Ma
b, Lc
]
= (δbcLa + δ
b
aLc) , (92)
[Na, Lb] = Mb
a , (93)
[La, Lb] = 0 . (94)
Their commutation with Q gives another doublet:
[Q,La] = Pa , X12 =
√
3P0, X9 = −P1. (95)
Finally the algebra g2(2) is closed with the singlet operator T , such that
[Ra, Lb] = δ
a
bT , (96)
which is identified as X10 = −
√
3T . The remaining commutation relations are[
Ma
b, Pc
]
= δbcPa ,[
Ma
b, T
]
= δab T ,
[Na, Pb] = δ
a
bQ ,
[Na, T ] = Ra ,
[Q,Pa] = −2ǫabRb ,
[Q, T ] = Mc
c , (97)
[Ra, Pb] = −3Mab + δabMcc ,
[Ra, T ] = 2ǫabPb ,
[La, Pb] = 0 ,
[La, T ] = 0 ,
[Pa, Pb] = 2ǫabT ,
[Pa, T ] = 3La .
The most convenient way to find a matrix representative of the coset consists in exponentiating the Borel subgroup.
In our case this amounts to using the one-parametric subgroups corresponding to generators X1, . . . , X8, or, in the
two-covariant notation, Na, Q, Ra and three independent components of Ma
b. The latter, together with the Na,
generate representatives of the vacuum coset SL(3, R)/SL(2, R) [20] which is a submanifold of the full target space.
These representatives are of the form
M1 = VTωM0Vω, Vω = eωan
a
, (98)
where M0 is the 7× 7 matrix
M0 =


λ 0 0 0 0
0 −τ−1 0 0 0
0 0 λ−1 0 0
0 0 0 −τ 0
0 0 0 0 1

 , (99)
and λ and λ−1 are 2× 2 blocks. Then the full G2(2)/(SL(2, R)× SL(2, R)) coset matrix can be constructed as
M = VTM0V , V = VψVµVω, (100)
where
Vµ = eµq, Vψ = eψar
a
, (101)
with ωa, µ, ψa the target space coordinates and n
a, q, ra the 7 × 7 matrices of the g2(2) algebra given in Appendix
A. The computation gives the coset matrix in the symmetrical block form
M =

 A B
√
2U
BT C
√
2V√
2UT
√
2V T S

 , (102)
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with
A =


[
(1− y)λ+ (2 + x)ψψT − τ−1ω˜ω˜T
+µ(ψψTλ−1J − Jλ−1ψψT )] τ−1ω˜
τ−1ω˜T −τ−1

 ,
B =

 (ψψT − µJ)λ−1 − τ−1ω˜ψTJ
[
(−(1 + y)λJ − (2 + x)µ+ ψTλ−1ω˜)ψ
+(z − µJλ−1)ω˜]
τ−1ψT J −z

 ,
C =

 (1 + x)λ−1 − λ−1ψψTλ−1 λ−1ω˜ − J(z − µJλ−1)ψ
ω˜Tλ−1 + ψT (z + µλ−1J)J
[
ω˜Tλ−1ω˜ − 2µψTλ−1ω˜
−τ(1 + x− 2y − xy + z2)]

 ,
U =
(
(1 + x− µJλ−1)ψ − µτ−1ω˜
µτ−1
)
,
V =
(
(λ−1 + µτ−1J)ψ
ψTλ−1ω˜ − µ(1 + x− z)
)
,
S = 1+ 2(x− y) ,
(103)
where
ω˜ = ω − µψ , x = ψTλ−1ψ , y = τ−1µ2 , z = y − τ−1ψT Jω˜ , (104)
and J is the 2× 2 matrix
J =
(
0 1
−1 0
)
.
The matrix M solves the equation
M−1dM = J = 16ηMN J¯M jN , (105)
where
J¯M = GABJ
A
MdΦ
B (106)
are the one-forms dual to the Killing vectors JM = J
A
M∂/∂Φ
A. In the present case,
J =
(
M¯ab −
1
3
δabTrM¯
)
ma
b + N¯anaT + L¯aℓa
T
+
1
3
(
R¯araT + P¯apa
T + Q¯qT + T¯ tT
)
. (107)
The action of G2(2) on the coset matrix is
M ′(ΦA) = CTM(ΦA) C, C ∈ G, (108)
where C is the exponential of some Lie algebra generator. The strategy to generate a new solution consists in the
following steps. First, one must identify the target space coordinates corresponding to the seed solution and form
the matrix M(ΦA) as function of these variables (in the 2-covariant form ΦA = (λab, ωa, ψa, µ). This involves solving
the duality equations (74), (75) for the magnetic-type potentials. Then one chooses a transformation C of the desired
type and computes the transformed matrixM ′(ΦA) in terms of the same target space variables. The new target space
variables Φ′A = (λ′ab, ω
′
a, ψ
′
a, µ
′) can then be found by solving the set of equations
M(Φ′A) =M ′(ΦA). (109)
Finally, the metric functions and the vector potential of the new solution must be calculated. This step also involves
solving differential equations to dualize back the potentials.
We have tested our formalism by generating the charged rotating black hole solution of five-dimensional super-
gravity from the Myers-Perry black hole. This is achieved by applying a combination of an electric Harrison (X12)
transformation accompanied by the corresponding gauge transformation in order to preserve asymptotic flatness of the
solution. The resulting solution can be transformed to the previously known one by some coordinate transformation.
This is given in the Appendix B.
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V. CHARGED BLACK RING WITH TWO PARAMETERS OF ROTATION
As an example of application of our formalism we derive here the electrically charged version of the rotating black
ring with two parameters of rotation constructed by Pomeransky and Senkov using the inverse scattering technique
[47]
ds2 = −H(y, x)
H(x, y)
(dt+Ω)2 − F (x, y)
H(y, x)
dφ2 − 2 J(x, y)
H(y, x)
dφdψ
+
F (y, x)
H(y, x)
dψ2 +
2k2H(x, y)
(x− y)2(1 − ν)2
[
dx2
G(x)
− dy
2
G(y)
]
, (110)
where the variables (t, x, y, φ, ψ) vary in the range−∞ < t < +∞,−1 ≤ x ≤ 1,−∞ < y < −1, 0 ≤ (φ, ψ) < 2π, k, ν, λ
are parameters, and the rotation one-form is two-component Ω = Ωψdψ +Ωφdφ. Explicitly,
Ω = −2kλ
√
(1 + ν)2 − λ2
H(y, x)
[
(1− x2)y√νdψ + 1 + y
1− λ+ ν [1 + λ− ν + x
2yν(1− λ− ν) + 2νx(1− y)] dφ
]
, (111)
and the functions G,H, J, F are (we use here the original notation of [47], not to be confused with our fields λ, x, y):
G(x) = (1− x2)(1 + λx+ νx2),
H(x, y) = 1 + λ2 − ν2 + 2λν(1 − x2)y + 2xλ(1 − y2ν2) + x2y2ν(1− λ2 − ν2),
J(x, y) =
2k2(1− x2)(1− y2)λ√ν
(x− y)(1− ν)2
[
1 + λ2 − ν2 + 2(x+ y)λν − xyν(1 − λ2 − ν2)] , (112)
F (x, y) =
2k2
(x− y)2(1− ν)2
{
G(x)(1 − y2)
(
[(1 − ν)2 − λ2](1 + ν) + yλ(1− λ2 + 2ν − 3ν2)
)
+G(y)
[
2λ2
+ xλ[(1 − ν)2 + λ2] + x2[(1− ν)2 − λ2](1 + ν) + x3λ(1 − λ2 − 3ν2 + 2ν3)− x4(1− ν)ν(−1 + λ2 + ν2)
]}
.
Regularity of the black ring implies the inequalities 0 ≤ ν < 1, 2√ν ≤ λ < 1 + ν. The mass and angular momenta
can be read out from the asymptotic expansion of the metric:
M =
3k2πλ
GN (1− λ+ ν) , Jψ =
4k3πλ
√
ν
√
(1 + ν)2 − λ2
GN (1− ν)2(1− λ+ ν) , Jφ =
2k3πλ(1 + λ− 6ν + λν + ν2)
√
(1 + ν)2 − λ2
GN (1 − ν)2(1− λ+ ν)2 ,
(113)
where GN is the Newton constant. This solution is free of conical and Dirac string singularities.
We would like to endow this solution with an electric charge. This may be done by applying our formalism with
the reduction along (t, ψ), (t, φ), or t and a linear combination of ψ and φ. We will here consider both choices (t, ψ)
and (t, φ), and show that they lead to the same result. The target space potentials corresponding to dimensional
reduction with respect to (t, ψ) are
λ00 = −H(y, x)
H(x, y)
, λ01 = −H(y, x)
H(x, y)
Ωψ, λ11 =
F (y, x)
H(y, x)
− H(y, x)
H(x, y)
Ω2ψ, τ =
F (y, x)
H(x, y)
, (114)
a0φ = Ωφ − a1φΩψ, a1φ = −
J(x, y)
F (y, x)
, (115)
and the reduced three-dimensional metric is
hijdx
idxj =
2k2
(1 − ν)2(x − y)2
[
F (y, x)
(
dx2
G(x)
− dy
2
G(y)
)
− 2k
2G(x)G(y)
(x− y)2 dφ
2
]
. (116)
The “hatted” potentials λˆab, τˆ , aˆ
a
ψ and three-dimensional metric hˆij corresponding to dimensional reduction with
respect to (t, φ) are obtained from (114) by making the exchange F (x, y)↔ −F (y, x) and Ωφ ↔ Ωψ.
To generate the electric potential v¯2 =
√
3ψ0 one must perform the Harrison transformation generated by P0 =
X12/
√
3. It turns out, however, that this transformation alone does not preserve asymptotic flatness of the solution.
To fix this, one must add the corresponding gauge transformation R0 =
√
3X5, so that the resulting charging
15
transformation C = P0 +R0 = (X12 +3X5)/
√
3 belongs to the SL(2, R)×SL(2, R) isotropy subgroup (see Eq. (69)).
The corresponding one-parameter subgroup is given by the exponential
C = eα(p0+r0) =


c2 0 0 s2 0 0
√
2sc
0 c 0 0 0 s 0
0 0 c 0 −s 0 0
s2 0 0 c2 0 0
√
2sc
0 0 −s 0 c 0 0
0 s 0 0 0 c 0√
2sc 0 0
√
2sc 0 0 c2 + s2


= CT , (117)
where α is a parameter, and c ≡ coshα, s ≡ sinhα. Applying this transformation to the seed matrix M built from
the potentials (114) leads to the transformed matrix
M ′ = CTMC, (118)
and extracting the transformed potentials we obtain
τ ′ = D−1τ ,
λ′00 = D
−2λ00 ,
λ′01 = D
−2[c3λ01 + s3λ00ω0] ,
ω′0 = D
−2[c3(c2 + s2 + 2s2λ00)ω0 − s3(2c2 + (c2 + s2)λ00)λ01] ,
ω′1 = ω1 +D
−2s3[−c3λ201 + s(2c2 − λ00)λ01ω0 − c3ω20 ] , (119)
ψ′0 = D
−1sc(1 + λ00) ,
ψ′1 = D
−1sc(cλ01 − sω0) ,
µ′ = D−1sc(cω0 − sλ01) ,
where
D = c2 + s2λ00 = 1 + s
2(1 + λ00) (120)
is common to the two reductions.
The seed potentials ωa or ωˆa are obtained by dualizing the a
a
φ or aˆ
a
ψ via Eq. (75). Inspection of the relations (119)
shows that it is not necessary to compute ω1, while the computation of ω0 yields simply
ω0(x, y) = −Ωφ(y, x) , ωˆ0(x, y) = Ωψ(y, x) . (121)
To write down the charged solution, there remains to dualize back the ω′a and µ
′ to the a′aφ and A
′
φ. It is easy to
show (without explicit dualization) from the above relations, that a′1φ = a
1
φ, while the transformed gravimagnetic and
magnetic fields are given by
G′0iφ = c3G0iφ + s3
[
− ω1G1iφ + λ
2
00
τ
√
h
ǫij∂jΩψ
]
, (122)
F ′iφ = a′0φ∂iψ′0 + a
′1φ∂iψ′1 −
√
3sc
Dτ
√
h
ǫij(c∂jω0 + sλ
2
00∂jΩψ) , (123)
leading to
a′0φ (x, y) = c
3a0φ(x, y) + s
3a0ψ(y, x) ,
A′φ(x, y) = −cH(y, x)Ωφ(x, y)− sH(x, y)Ωψ(y, x) , (124)
for dimensional reduction relative to (t, ψ), and
aˆ′0ψ (x, y) = c
3aˆ0ψ(x, y)− s3aˆ0φ(y, x) ,
Aˆ′ψ(x, y) = −cH(y, x)Ωψ(x, y) + sH(x, y)Ωφ(y, x) , (125)
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for dimensional reduction relative to (t, φ). Both dimensional reductions lead to the same final charged black ring
metric
ds′2 = −D−2H(y, x)
H(x, y)
(dt+Ω′)2 +D
[
− F (x, y)
H(y, x)
dφ2 − 2 J(x, y)
H(y, x)
dφdψ
+
F (y, x)
H(y, x)
dψ2 +
2k2H(x, y)
(1− ν)2(x− y)2
(
dx2
G(x)
− dy
2
G(y)
)]
, (126)
Ω′ = (c3Ωψ(x, y)− s3Ωφ(y, x))dψ + (c3Ωφ(x, y) + s3Ωψ(y, x))dφ , (127)
A′ =
√
3sc
DH(x, y)
[
2λ(1 − ν)(x− y)(1 − νxy) dt+
+
(
sH(x, y)Ωφ(y, x)− cH(y, x)Ωψ(x, y)
)
dψ
−
(
sH(x, y)Ωψ(y, x) + cH(y, x)Ωφ(x, y)
)
dφ
]
, (128)
with
D = 1 + s2
2λ(1− ν)(x − y)(1− νxy)
H(x, y)
. (129)
This is to be compared with the charged black ring given in [55], Sect. 4. A difference is that the authors of [55]
start with a seed having an extra parameter (dipole charge), which can be fine tuned so that Dirac-Misner strings are
absent. Such string singularities arise if the orbits of ∂ψ
2 do not close off at x = 1. In the present case it is clear
that both Ω′ψ(1, y) and A
′
ψ(1, y) are proportional to Ωφ(y, 1), which does not vanish, so that string singularities are
unavoidable. Specifically,
Ω′ψ(1, y) = −s3
4kλ√
(1 + ν)2 − λ2 . (130)
To eliminate this singularity one can apply a further transformation depending on an extra parameter which can be
adjusted to get rid of the Dirac string [56].
VI. CONCLUSION
In this paper we have presented a new solution-generating technique for D = 5 minimal supergravity based on the
hidden symmetry G2. This opens the possibility of finding new families of solutions possessing two commuting Killing
symmetries. In this case the bosonic equations of motion reduce to those of a three-dimensional gravity coupled
sigma-model on a symmetric space. Here we have elaborated in detail the case of one time-like and one space-like
Killing vectors, leading to the G2(2)/(SL(2, R)× SL(2, R)) target space. The case of two space-like symmetries can
be dealt with along the same lines, the target space being instead G2(2)/SO(4) . In four-dimensional theories these
two cases are usually interpreted as corresponding to stationary axisymmetric and plane-wave space-times. In five
dimensions one has more freedom to choose a pair of two commuting symmetries, so one can use this approach in
wider classes of space-times. Moreover, for a similar reason the generating symmetries can be more efficient. For
instance, in the four-dimensional case one cannot generate the Kerr metric from the Schwarzschild metric using only
sigma-model symmetries. To achieve this, one must proceed to higher level transformations [57] belonging to the
Geroch group associated with the infinite extension of the sigma-model symmetries for configurations depending only
on two variables. In five dimensions, rotating black holes can be generated from static black holes by using only the
sigma-model symmetries [53].
An interesting application can be expected for black rings in D = 5 minimal supergravity. The most general (pure
black ring) solutions obtained so far are three-parametric: the charged black ring with one rotation parameter [55]
2 The ψ and φ of [55] should be exchanged to conform to the notations of [47].
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and the doubly rotating uncharged black ring [47]. It was conjectured that the generic solution of this kind should
contain five independent parameters: a mass, an electric charge, a dipole charge, and two angular momenta. To
obtain such a solution free of conical and Dirac singularities (if it exists) one should incorporate primarily seven
free parameters, with two extra parameters to be fixed by imposing the regularity conditions. One can show that
out of the fourteen G2(2) transformations six preserve the asymptotic behaviour of the black ring. From these six
three are gauge, while the other three generate a charge, a dipole moment and an angular momentum. So from the
three-parameter unbalanced neutral black ring as given in [2] it is possible in principle to generate a six-parameter
solution, which should lead to a four-parameter non-singular black ring [56]. Here we have given only a four-parameter
solution (doubly rotating charged black ring) which is plagued by the Dirac string singularity.
An even farther reaching perspective consists in further reducing our sigma model to two dimensions and construct-
ing a Belinski-Zakharov type integrable model or deriving Ba¨klund transformations. Formally this can be done in the
same way as was recently used [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49] in the purely vacuum sector, but the rank
of matrices involved is increased from three to seven (though in the block form) which makes the problem technically
more difficult.
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APPENDIX A: MATRIX REPRESENTATION
Starting with the real form of g2 in the split octonion basis as given in [54], it is straightforward to find the desired
representation for the generators used in the main text. Their generic block decomposition is
j =

 S V˜
√
2U
−U˜ −ST √2V√
2V T
√
2UT 0

 , (A1)
where S is a 3 × 3 matrix, U and V are 3-component column matrices, and U˜ , V˜ are the 3 × 3 dual matrices
U˜ij = ǫijkUk. The matrices ma
b, na and ℓa generating SL(3,R) are of type S, the corresponding 3× 3 blocks being
Sm00 =

 1 0 00 0 0
0 0 −1

 , Sm01 =

 0 1 00 0 0
0 0 0

 , Sm10 =

 0 0 01 0 0
0 0 0

 , Sm11 =

 0 0 00 1 0
0 0 −1

 ,
Sn0 =

 0 0 00 0 0
−1 0 0

 , Sn1 =

 0 0 00 0 0
0 −1 0

 , Sℓ0 =

 0 0 10 0 0
0 0 0

 , Sℓ1 =

 0 0 00 0 1
0 0 0

 . (A2)
The matrices pa and q are of type U , the corresponding 1× 3 blocks being
Up0 =

 10
0

 , Up1 =

 01
0

 , Uq =

 00
−1

 . (A3)
The matrices ra and t are of type V , the corresponding 1× 3 blocks being
Vr0 =

 10
0

 , Vr1 =

 01
0

 , Vt =

 00
1

 . (A4)
Note that the transposed matrices jTA are related to the original matrices jA by
jTA = −KjAK , (A5)
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where the involution K has the block structure
K =

 0 1 01 0 0
0 0 −1

 . (A6)
The real matrix representing the coset G2(2)/(SL(2, R)× SL(2, R)) may be chosen to have the symmetrical block
structure
M =

 A B
√
2U
BT C
√
2V√
2UT
√
2V T S

 , (A7)
where A and C are symmetrical 3× 3 matrices, B is a 3× 3 matrix, U and V are 3-component column matrices, and
S is a scalar such that the inverse matrix reads
M−1 = KMK =

 C BT −
√
2V
B A −√2U
−√2V T −√2UT S

 . (A8)
APPENDIX B: BLACK HOLES
Here we illustrate the application of our technique to generate the charged rotating non-BPS black holes of five-
dimensional supergravity, starting with the five-dimensional vacuum Kerr metric [9]:
ds2 = −dt2 + ρ
2
4∆
dx2 + ρ2dθ2 + (x+ a2) sin2 θdφ2 + (x+ b2) cos2 θdψ2 +
r20
ρ2
(
dt+ a sin2 θdφ + b cos2 θdψ
)2
, (B1)
where
ρ2 = x+ a2 cos2 θ + b2 sin2 θ, ∆ = (x+ a2)(x + b2)− r20x. (B2)
Choosing z = ψ as the reduced direction, we find the following identification with our variables:
λ00 = −1 + r
2
0
ρ2
, λ01 =
r20
ρ2
b cos2 θ, λ11 = (x+ b
2) cos2 θ +
r20
ρ2
b2 cos4 θ, τ =
(
x+ b2 − r20 +
r20
ρ2
a2 cos2 θ
)
cos2 θ,
a0φ = −τ−1
r20
ρ2
(x+ b2)a sin2 θ cos2 θ, a1φ = τ
−1 r
2
0
ρ2
ab sin2 θ cos2 θ, (B3)
and the invariant three-metric
hijdx
idxj = τ
(
ρ2
4∆
dx2 + ρ2dθ2 +
∆
τ
sin2 θ cos2 θdφ2
)
,
√
h =
1
2
τρ2 sin θ cos θ. (B4)
The dualization of the vector fields gives
ω0 = − r
2
0
ρ2
a cos2 θ, ω1 = − r
2
0
ρ2
ab cos4 θ. (B5)
The action of our charge-generating transformation with parameter α (c = coshα, s = sinhα) on this neutral seed
leads to the transformed potentials according to (119). Performing the inverse dualization, we obtain the charged
black hole solution
ds′2 = −D−2
(
1− r
2
0
ρ2
)
(dt+Ω′)2 +D
[
ρ2dx2
4∆
+ ρ2dθ2 +
(
x+ a2 +
r20a
2
ρ2 − r20
sin2 θ
)
sin2 θdφ2
+2
r20ab
ρ2 − r20
sin2 θ cos2 θdφdψ +
(
x+ b2 +
r20b
2
ρ2 − r20
cos2 θ
)
cos2 θdψ2
]
, (B6)
Ω′ = −r20
[(
c3a
ρ2 − r20
+
s3b
ρ2
)
sin2 θdφ +
(
c3b
ρ2 − r20
+
s3a
ρ2
)
cos2 θdψ
]
, (B7)
A′ =
√
3scD−1
r20
ρ2
[
dt+ (ca+ sb) sin2 θdφ + (cb+ sa) cos2 θdψ
]
, (B8)
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with
D = 1 + s2
r20
ρ2
. (B9)
The same solution is obtained if reduction is carried out with respect to the angular variable φ instead of ψ. Note
that it is regular on the polar axis sin θ = 0.
This solution should be compared with the solution for the charged rotating black hole first given in [58] and
rederived, in a different parametrization, in [10]. The comparison with [58] is straightforward. The solution presented
in [10] is, for g = 0,
ds¯2 = −dt2 − 2q¯
ρ¯2
ν¯(dt− ω¯) + f¯
ρ¯4
(dt− ω¯)2 + ρ¯
2r2
∆¯
dr2 + ρ¯2dθ2 + (r2 + a¯2) sin2 θdφ2 + (r2 + b¯2) cos2 θdψ2, (B10)
A¯ =
√
3q¯
ρ¯2
(dt− ω¯), (B11)
where
ν¯ = b¯ sin2 θdφ+ a¯ cos2 θdψ, ω¯ = a¯ sin2 θdφ+ b¯ cos2 θdψ, f¯ = 2m¯ρ¯2 − q¯2, (B12)
∆¯ = (r2 + a¯2)(r2 + b¯2) + q¯2 + 2a¯b¯q¯ − 2m¯r2, ρ¯2 = r2 + a¯2 cos2 θ + b¯2 sin2 θ. (B13)
The metrics ds′2 and ds¯2 are related by the following coordinate and parameter transformation:
r2 = x+ s2(r20 − a2 − b2)− 2absc, 2m¯ = (1 + 2s2)r20 , q¯ = −scr20 , a¯ = −ca− sb, b¯ = −cb− sa, (B14)
implying
ρ¯2 = Dρ2 = ρ2 + s2r20 , ∆¯ = ∆. (B15)
Comparing then the electromagnetic potentials, we find A¯ = −A′, so the two solutions are identical under charge
conjugation (or a simultaneous sign change of t, φ and ψ).
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